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Abstract
We compute spectral densities of momentum and R-charge correlators in thermal N = 4 Yang
Mills at strong coupling using the AdS/CFT correspondence. For ω ∼ T and smaller, the spectral
density differs markedly from perturbation theory; there is no kinetic theory peak. For large ω,
the spectral density oscillates around the zero-temperature result with an exponentially decreasing
amplitude. Contrast this with QCD where the spectral density of the current-current correlator
approaches the zero temperature result like (T/ω)4. Despite these marked differences with pertur-
bation theory, in Euclidean space-time the correlators differ by only ∼ 10% from the free result.
The implications for Lattice QCD measurements of transport are discussed.
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I. INTRODUCTION
The experimental relativistic heavy ion program has produced a variety of evidences which
suggest that a Quark Gluon Plasma (QGP) has been formed at the Relativistic Heavy Ion
Collider (RHIC) [1, 2]. The relative success of hydrodynamic approaches [3–7] suggests that
the mean free path of the QGP is of order the thermal wave length ∼ T [8]. This bold
inference requires further theoretical and experimental corroboration.
Theoretically, transport coefficients have been computed in the perturbative QGP using
kinetic theory [9, 10]. However, it is important to obtain non-perturbative estimates for
the transport properties of the medium. Kubo formulas relate hydrodynamic transport
coefficients to the small frequency behavior of correlation functions of conserved currents in
real time [11, 12]. In imaginary time correlation functions may be obtained from Lattice
QCDmeasurements. Therefore, with a good model for the spectral density, one could hope to
obtain a reasonable non-perturbative estimate for the transport properties of the QGP from
Lattice QCD measurements. Recently, attempts to extract the shear viscosity [13, 14] and
electric conductivity [15] have been made. More generally, the current-current correlator is
being studied actively in order to extract interesting physical effects, e.g. dilepton emission,
Landau damping, heavy quark diffusion, and in medium modifications of J/ψ. [16–21].
Whenever there is a large separation between the transport time scales and the temper-
ature T , Euclidean correlators are remarkably insensitive to transport coefficients [18, 22].
This has been studied in perturbation theory [22], where the transport time scale is 1/(g4T ),
and in a theory with a heavy quark, where the diffusion time scale is M/T 2 or longer [18].
This insensitivity to transport is because the dominant transport contribution to the Eu-
clidean correlator is an integral over the spectral density which is governed by a sum rule
– the f -sum rule. Whenever, there is a quasi-particle description, the leading transport
contribution to the Euclidean current-current correlator is proportional to the static sus-
ceptibility times an average thermal velocity squared of the quasi-particle. Only with very
accurate measurements and a solid understanding of the spectral density can more transport
information be gleaned from lattice correlators.
When there is no separation between the inverse temperature and transport time scales
this conclusion requires further study. N = 4 Super Yang Mills (SYM) theory with a
large number of colors and large ’t Hooft coupling provides a theory where there is no scale
separation and where the spectral density can be computed if the Maldacena conjecture
is accepted [23]. This conjecture states that N = 4 SYM is dual to classical type IIB
supergravity on an AdS×S5 background [23–25]. (See Ref. [26] for a review.) By solving the
classical supergravity equations motion we may deduce the retarded correlators of strongly
coupled N = 4 SYM.
Using the correspondence, Son, Policastro, and Starinets deduced the shear viscosity of
strongly coupled N = 4 SYM [27]. Indeed the momentum diffusion constant is remarkably
small, η/(e+p) = 1/4πT . This result and subsequent calculations have led to the conjecture
that the shear viscosity to entropy ratio is bounded from below, η/s ≥ 1/4π [27–29]. The
correspondence was also used to calculate the R-charge diffusion coefficient, D = 1/(2πT )
[30]. This transport coefficient is also remarkably small although there is no conjectured
bound associated with this medium property. It is interesting to compute the full spectral
densities of these correlators following the framework set up in these works. With the
spectral density in hand, the feasibility of extracting transport from the Lattice in a strong
2
coupling regime can be assessed.
II. STRESS TENSOR AND R-CHARGE CORRELATIONS
A. Stress Tensor Correlations
First let us recall the definitions [11]. The retarded correlators of T 00 and T 0i are defined
as follows
χee(k, ω) ≡
∫
∞
−∞
dt
∫
d3x e+iωt−ik·x iθ(t)
〈[
T 00(x, t), T 00(0, 0)
]〉
, (2.1)
χijgg(k, ω) ≡
∫
∞
−∞
dt
∫
d3x e+iωt−ik·x iθ(t)
〈[
T 0i(x, t), T 0j(0, 0)
]〉
. (2.2)
χijgg is then decomposed into longitudinal and transverse pieces
χijgg(k, ω) =
kikj
k2
χLgg(k, ω) +
(
δij − k
ikj
k2
)
χTgg(k, ω) . (2.3)
Through linear response, hydrodynamics makes a definite prediction for these correlators at
small k and ω (see Appendix C for a review)
χLgg(k, ω) = (e+ p)
iωΓsk
2 − (csk)2
ω2 − (csk)2 + iωΓsk2 , (2.4)
χTgg(k, ω) =
ηk2
−iω + ηk2
e+p
, (2.5)
where e is the energy density, p is the pressure, η is the shear viscosity, ζ is the bulk viscosity,
and Γs =
4
3
η+ζ
e+p
is the sound attenuation length. Using energy conservation we deduce
χee(k, ω) =
ω2
k2
χLgg . (2.6)
Similarly we define the correlators of momentum fluxes
χiljmττ (k, ω) =
∫
∞
−∞
dt
∫
d3x e+iωt−ik·x iθ(t)
〈
[T il(x, t), T jm(0, 0)]
〉
. (2.7)
Then using momentum conservation, we deduce that
χxxxxττ ≡
kiklkjkm
k4
χil,jmττ (k, ω) =
ω2
k2
χLgg(k, ω) , (2.8)
χyxyxττ ≡
1
2
(
δij − k
ikj
k2
)
klkm
k2
χil,jmττ (k, ω) =
ω2
k2
χTgg(k, ω) . (2.9)
The notation follows by assuming that k points in the x direction.
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We will concentrate on the transverse piece of the momentum correlator. We define the
spectral density as follows
ρyxyxττ (k, ω) =
Imχyxyxττ (k, ω)
π
. (2.10)
Using the functional form in Eq. (2.5) we deduce the Kubo formula
lim
ω→0
lim
k→0
πρyx,yxττ (k, ω)
ω
= η . (2.11)
Euclidean correlators Gyxyxττ (x, τ) = 〈T yxE (x, τ)T yxE (0)〉 can be deduced from the spectral
density
Gyxyxττ (k, τ) =
∫
∞
0
dω ρyxyxττ (k, ω)
cosh (ω (τ − β/2))
sinh (ωβ/2)
. (2.12)
Further explanation of the Euclidean definitions and conventions adopted in this work may
be found in [18].
The retarded correlator χyxyxττ (k, ω) may computed using the AdS/CFT correspondence.
The stress tensor couples to metric fluctuations hxy in the background of the black hole.
We start with equation Eq. (6.6) of Policastro, Son and Starinets [30] for the fluctuation
φ ≡ hxy in the gravitational background. The linearized equations of motion for this field in
the background are
φ′′k −
1 + u2
uf
φ′k +
w2 − q2(1− u2)
uf 2
φk = 0 . (2.13)
Here φk is the Fourier transform of φ with respect to four momentum k = (ω, 0, 0, q) and
we have defined w ≡ ω/(2πT ), q ≡ q/(2πT ), and f ≡ (1 − u2). u = 1 corresponds to the
the event horizon of the black hole; u = 0 corresponds to spatial infinity. We will integrate
this equation and set q = 0 in what follows.
Let us indicate the general strategy. Near the horizon u = 1, we develop the series
solutions [31]
φ1 = (1− u)−iw/2
[
1 + (1− u)
(
3w2
4
− iw
4
+ iw
3
2
1 +w2
)
+ . . .
]
, (2.14)
φ2 = φ1 , (2.15)
where φ1 denotes the complex conjugate of φ1. The physical solution is φ1 and not φ1.
Similarly near spatial infinity u = 0, we can develop a power series solution of this equation.
These solutions are
Φ1 = u
2
[
1− w
2
3
u+ . . .
]
, (2.16)
Φ2 = −w
4
2
log(u)Φ1 +
[
1 +w2u+
(
1
2
− 29
72
w
4
)
u2 + . . .
]
. (2.17)
We note that Φ1 and Φ2 are real functions. Generally Φi will be a linear combination φ1
and φ1. Following [30], the physically correct solution of Eq. (2.13) is φ1 which is a linear
combination Φ1 and Φ2:
φ1 = AΦ2 +BΦ1 . (2.18)
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We may set A = 1 which is equivalent to the often assumed normalization condition
φ1(u)|u=0 = 1 . Then the retarded Greens function is related by the correspondence to
φ1
χyxyxττ (q, ω) =
π2N2T 4
4
lim
u→0
f
u
(φ−k)1∂u(φk)1 , (2.19)
where (φk)1 denotes the φ1 which solves Eq. (2.13) with k = (ω,q). Using the power series
expansion near u ≈ 0, and the fact that Φ1 and Φ2 are real, we have the spectral density1
πρyxyxττ (ω)
ω
≡ Imχ
yxyx
ττ (ω,q)
ω
=
π2N2T 4
4
ImB lim
u→0
f
u
Φ2∂u(Φ1) , (2.20)
=
π2N2T 4
4
2 ImB . (2.21)
Thus the algorithm may divided into four steps: (1) Start at small u ≈ 0 and use the power
series to find the initial condition and first derivative of Φ1 and Φ2. (2) Integrate Φ1 and
Φ2 forward to determine the solution close to u ≈ 1. (3) Using the power series close to
u ≈ 1 determine the linear combination of φ1 and φ1 that is Φ1. Also do this for Φ2. (4)
Then determine the linear combination of Φ1 and Φ2 that is φ1. This fixes B in Eqs. (2.18)
and (2.21), and consequently determines the spectral density at the frequency specified in
Eq. (2.13).
This algorithm was followed and the resulting spectral density is shown in Fig. 1(a).
When the frequency w is large we may follow this algorithm analytically and obtain the
zero temperature result at large frequency. This is done in Appendix B and the resulting
solution provides a good check of the numerical work. Further discussion of this figure in
provided in Section III.
B. R-Charge Diffusion
A similar program may be followed to calculate the spectral density of the current-current
correlator. First let us recall the definitions. Through linear response [11, 18], the diffusion
equation predicts that the density-density correlator
χNN(k, ω) =
∫
∞
−∞
dt
∫
d3x e+iωt−ik·x iθ(t)
〈[
J0a(x, t), J
0
a(0, 0)
]〉
(no a sum) , (2.22)
has the following form at small k and ω
χNN(k, ω) =
χsDk
2
−iω +D k2 , (2.23)
where χs is the static R-charge susceptibility. The spatial current-current correlator is
defined similarly
χij
JJ
(k, ω) =
∫
∞
−∞
dt
∫
e+iωt−ik·x iθ(t)
〈[
J ia(x, t), J
j
a(0, 0)
]〉
(no a sum) , (2.24)
1 As is common in the lattice community the spectral density is defined so that piρ(ω)
ω
∣∣∣
ω=0
= η. The retarded
greens function differs by an overall sign from Ref. [30] in order to conform with Ref. [18].
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and may be broken up into longitudinal and transverse components
χij
JJ
(k, ω) =
(
kikj
k2
− δij
)
χT
JJ
(k, ω) +
ki kj
k2
χL
JJ
(k, ω) . (2.25)
The density-density correlator can be related to the longitudinal current-current correlator
ω2
k2
χNN(k, ω) =
kikj
k2
χij
JJ
(k, ω) = χL
JJ
(k, ω) . (2.26)
For k = 0 there is no distinction between the longitudinal and transverse parts and therefore
for k ≪ T , χL
JJ
(k, ω) ≃ χT
JJ
(k, ω).
The computation of these correlators at small k and ω has already been performed by
Policastro, Son, and Starinets [30]. From their computation (see Eq. 5.17b of that work)
and the functional form of Eq. (2.23), the diffusion coefficient and static susceptibility are
D =
1
2πT
, and χs =
N2T 2
8
. (2.27)
To extend this computation to finite frequency it is simplest to compute χT
JJ
(0, ω) which is
uncoupled from the other modes. Since k = 0, χTJJ(0, ω) is equal to χ
L
JJ
(0, ω). Perturbations
in the R-charge current couple to the Maxwell field and the equations of motion for the
Maxwell field in the gravitational background have been worked out. Consider the Maxwell
field φ transverse to q, i.e. if q points in the z direction then φ = Ax. The equation of
motion for the Fourier components of φ in the gravitational background reads
φ′′k +
f ′
f
φ′k +
1
uf
(
w2
f
− q2
)
φk = 0 . (2.28)
with f = 1 − u2 and as before k = (ω, 0, 0, q), w = ω/(2πT ) and q = q/(2πT ). In what
follows we set q = 0.
The procedure mirrors the stress tensor computation. Near u = 1 we determine a power
series solution
φ1 = (1− u)−iw2 [1 + . . . ] , (2.29)
φ2 = φ1 . (2.30)
φ1 is the physical solution and not φ1. Near u = 0 we determine the power series
Φ1 = wu+ . . . , (2.31)
Φ2 = 1 + . . . . (2.32)
Integrating from u ≈ 0 to u ≈ 1 we determine the linear combination of Φ1 and Φ2 that is
φ1
φ1 = Φ2 +B Φ1 . (2.33)
Then the correspondence states that
χT
JJ
(0, ω) =
N2T 2
8
lim
u→0
f(φ−k)1∂u(φk)1 . (2.34)
Since Φ2 and Φ1 are real and since Φ2 starts with one, the spectral density is
πρT,LJJ (0, ω)
ω
≡ Imχ
T
JJ(0, ω)
ω
=
N2T
16π
ImB . (2.35)
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FIG. 1: (a) The spectral density of the stress energy tensor, piρyxyxττ (ω)/ω normalized by the shear
viscosity, ηAdS = piN
2T 3/8. (b) The spectral density of the current-current correlator, piρJJ/ω
normalized by χsD = N
2T 2/16piT . In both cases the dashed curves show the zero temperature
results (Eq. (B16) and Eq. (B17)) normalized by the same factors. Due to a non-renormalization
theorem in these channels, the zero temperature spectral densities in the free and interacting
theories are equal [32, 33]. At finite temperature the kinetic theory peak does not exist in the
strongly interacting theory.
III. RESULTS
The spectral density of the stress energy tensor
ρyxyxττ (ω) =
1
2π
∫
∞
−∞
dt e+iωt
∫
d3x 〈[T yx(x, t), T yx(0, 0)]〉 , (3.1)
is shown in Fig. 1(a). Similarly the spectral density for the R-charge current-current corre-
lator
ρJJ(ω) =
1
2π
∫
∞
−∞
dt e+iωt
∫
d3x 〈[Jxa (x, t), Jxa (0, 0)]〉 (no a sum) , (3.2)
is shown in Fig. 1(b). These are normalized so that
πρyxyxττ (ω)
ω
∣∣∣∣
ω=0
= η , and
πρJJ(ω)
ω
∣∣∣∣
ω=0
= χsD, (3.3)
where η is the shear viscosity, χs is the static R-charge susceptibility, and D is the R-charge
diffusion coefficient.
The remarkable feature of these spectral functions is the absence of any distinction be-
tween the transport time scales and the continuum time scales. For comparison, consider the
spectral density of the stress energy tensor in the free theory as worked out in Appendix A.
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FIG. 2: The spectral density of the (a) stress energy tensor and (b) current-current correlators as
in Fig. 1 but the zero temperature result has been subtracted and the absolute value taken. The
plus or minus indicates the sign. The finite temperature spectral densities oscillate around the zero
temperature result with exponentially decreasing amplitude.
The full spectral density is a sum of the gauge, fermion, and scalar contributions
(ρyxyxττ )gauge =
(
e + p
5
)
A
ωδ(ω) +
N2
160π2
(1 + 2nB (ωβ/2)) ω
4 , (3.4)
(ρyxyxττ )fermion =
(
e + p
5
)
λ
ωδ(ω) +
N2
160π2
(1− 2nF (ωβ/2)) ω4 , (3.5)
(ρyxyxττ )scalar =
(
e + p
5
)
X
ωδ(ω) +
N2
320π2
(1 + 2nB (ωβ/2)) ω
4 , (3.6)
where for example (e + p)X is the partial enthalpy due to the free scalar fields – see Ap-
pendix A. The free spectral function for the current-current correlator has a similar structure
and is recorded in the appendix. Notice the delta function at the origin. According to the
f sum rule (see below), perturbations will smear the delta-function at the origin but will
not change the integral under the peak. The peak indicates a large separation between the
transport and temperature scales and is what makes kinetic theory possible. It is hopeless
to apply a quasi-particle description to the strongly coupled N = 4 case.
Also shown in Fig. 1(a) and (b) is the spectral density at zero temperature for the stress
tensor and R-charge correlators. At zero temperature, the strongly coupled spectral densities
are identical to the free N = 4 spectral densities as required by a non-renormalization
theorem [32, 33]. Fig. 2(a) and (b) show the absolute value of the difference between the
finite temperature and zero temperature results on a log plot. The figure shows that the
finite temperature result oscillates around the zero temperature result with exponentially
decreasing amplitude. This is quite unusual and the exponential decrease is not due to any
obvious Boltzmann factor. In QCD for instance, the spectral density of the current-current
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FIG. 3: The Euclidean correlator for the (a) stress energy tensor correlator, Gyxyxττ , and the (b)
current-current correlator, GJJ . The dashed curves show the free result for these Euclidean corre-
lators.
correlator approaches the zero temperature correlator as2, (T/ω)4 [35, 36]. The author has
no explanation for the strong coupling results in N = 4 SYM.
Finally, we may determine the corresponding Euclidean correlators by integrating the
spectral density. For instance Gyxyxττ is determined from ρ
yxyx
ττ (ω)
Gyxyxττ (τ) =
∫
d3x 〈T yxE (x, τ)T yxE (0, 0)〉 , (3.7)
=
∫
∞
0
dω ρyxyxττ (ω)
cosh (ω (τ − β/2))
sinh (ωβ/2)
. (3.8)
The resulting Euclidean correlators for the stress tensor and current-current correlators are
shown in Fig. 3(a) and (b) respectively. In each figure the strongly coupled case is compared
to the free theory worked out in Appendix A.
First consider the stress tensor correlations. Although the spectral density in the strongly
coupled theory is markedly different from the free theory, in Euclidean space-time the cor-
relators differ only by 10%. This 10% difference is significantly smaller than the errors
associated with this correlator on the lattice [13, 14]. At least from the perspective of the
AdS/CFT correspondence, it is hopeless to measure the transport properties of the medium
in the T µν channel where noisy gluonic operators dominate the signal. The figure also
suggests that armed only with Euclidean measurements it is difficult to tell whether the
theory is strongly interacting, i.e. whether there is a transport peak in the spectral density.
Therefore, at least within the narrow framework of this work, rough agreement between
2 There appears to be a discrepancy between two independent calculations; Ref. [34] finds that the difference
falls as (T/ω)
2
.
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quasi-particle calculations and lattice results [37, 38] says little about the validity of the
quasi-particle picture. Only precise agreement can firmly establish validity.
In weak coupling, the insensitivity to the transport time scale in the Euclidean correlator
is readily understood from Eq. (3.8) and the free correlator Eqs. (3.4)–(3.6) [18, 22]. As
perturbative interactions are turned on, the delta function at ω ∼ 0 is smeared by the
inverse transport time scale. However, the integral under the peak remains the enthalpy
times an average quasi-particle velocity squared,
〈
v2p/5
〉
. This is the physics content of the
f -sum rule and is derived in Appendix D. When the smeared delta function is substituted
into Eq. (3.8), the Euclidean correlator is roughly independent of the width of the peak,
i.e. independent of the transport time scale. It seems that the strong coupling correlators
remember this insensitivity to transport at weak coupling.
For the current-current correlator the difference between the free and interacting cases
is slightly larger, ∼ 20%. Lattice measurements in the electromagnetic current-current
channel are remarkably precise, ∼ 0.5 – 2.0% [16, 17, 21]. This precision stems from the
fact that the current-current channel correlates quark fields while the noisy T µν channel
correlates gluonic fields. With hard work and precise data, the AdS/CFT correspondence
would suggest that some information about transport can be extracted from Euclidean
measurements in this channel. However even in the current-current case, one needs a
definite strategy to isolate the low frequency contributions.
Note added. When this work was near completion, I learned that P. Kovtun and
A. Starinets had nearly completed a similar computation [39].
Acknowledgments. I thank Peter Arnold, Raju Venugopalan, Andrei Starinets,
and Peter Petreczky for useful discussions. D. Teaney was supported by grants from the
U.S. Department of Energy, DE-FG02-88ER40388 and DE-FG03-97ER4014.
APPENDIX A: THE FREE THEORY
The free N = 4 Lagrangian is written as follows:
L = 2 tr
{
−1
4
F 2 +
1
2
λ¯a(−iσ¯ · ∂)λa − 1
2
∂µXi∂
µXi
}
, (A1)
where “a” is a SU(4) index and “i” is a SO(6) index. Under flavor rotation, λa transforms in
the fundamental representation of SU(4) and X i transforms as the fundamental representa-
tion of SO(6). SU(4) and SO(6) are locally isomorphic. SU(4) matrices are parametrized as
eiβA(T
4)A with trace normalization tr[(T 4)A(T
4)B] = C4δAB and C4 = 1/2. Similarly, SO(6)
matrices are written as eiβA(T
6)A , with trace normalization C6 = 1 [40]. The normalization
convention adopted here has been fixed so that the AdS/CFT correspondence holds at the
level of two point functions at zero temperature [32, 33].
Using the Noether method we compute the conserved R-charge current
JµA = 2 tr
{(
TA
2
)
ij
Xi−i←→∂µXj + (TA)abλ¯a
(
σ¯µ
2
)
λb
}
, (A2)
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where
←→
∂ ≡ −→∂ − ←−∂ and gives symmetric Feynman rules. The spectral density ρLJJ(ω)
is easily computed at k = 0; the details of a similar computation appear explicitly in an
appendix of Ref. [18]. The full spectral density is
ρL
JJ
(ω) =
(
ρL
JJ
)
fermion
+
(
ρL
JJ
)
scalar
, (A3)
with
(ρL
JJ
)scalar =
(
χ0s
3
)
X
ωδ(ω) +
N2C6
96π2
(1 + 2nB(ωβ/2))ω
2 , (A4)
(ρL
JJ
)fermion =
(
χ0s
3
)
λ
ωδ(ω) +
N2C4
24π2
(1− 2nF (ωβ/2))ω2 . (A5)
Here (χ0s)X =
1
6
N2T 2C6 and (χ
0
s)λ =
1
6
N2T 2C4 are the free R-charge static susceptibilities
associated with the scalars and fermions respectively.
Similarly, we compute the spectral density of the stress tensor correlations. We first
construct the canonical stress tensor using the Noether method and then construct the
symmetric traceless Bellifante tensor as described in Weinberg’s book [41]. The full stress
tensor is written
T µν = (T µν)gauge + (T
µν)fermion + (T
µν)scalar , (A6)
with
(T µν)gauge = 2 tr
{
F µκ F
νκ + gµν
(
−1
4
F 2
)}
, (A7)
(T µν)fermion = 2 tr
{
i
8
λ¯
(
σ¯µ
←→
∂ν + σ¯ν
←→
∂µ
)
λ + gµν
(
1
2
λ¯a(−iσ¯ · ∂)λa
)}
, (A8)
(T µν)scalar = 2 tr
{
∂µXi∂
νXi + g
µν
(
−1
2
∂αXi∂
αXi
)}
. (A9)
Now let us compute ρyxyxττ . A straightforward (though lengthy) one loop computation
calculation leads the spectral density ρyxyxττ . The spectral density is a sum of the scalar,
fermion and gauge boson contributions
ρyxyxττ (k, ω) = (ρ
yxyx
ττ )gauge + (ρ
yxyx
ττ )fermion + (ρ
yxyx
ττ )scalar . (A10)
These contributions are
(ρyxyxττ )gauge =
(
e + p
5
)
A
ωδ(ω) +
N2
160π2
(1 + 2nB (ωβ/2)) ω
4 , (A11)
(ρyxyxττ )fermion =
(
e + p
5
)
λ
ωδ(ω) +
N2
160π2
(1− 2nF (ωβ/2)) ω4 , (A12)
(ρyxyxττ )scalar =
(
e + p
5
)
X
ωδ(ω) +
N2
320π2
(1 + 2nB (ωβ/2)) ω
4 , (A13)
where for example (e+p)X is the partial enthalpy due to the free scalar fields. Explicitly the
partial enthalpies are (e+ p)A =
4π2
45
N2T 4 , (e+ p)λ =
14π2
45
N2T 4, and (e+ p)X =
12π2
45
N2T 4.
Eqs. A7–A9 and Eqs. A11–A13 constitute the free spectral functions for the current-
current and the tensor-tensor correlators.
11
APPENDIX B: WKB SOLUTION FOR LARGE ω
When w is large we may solve Eq. (2.13) by a WKB type approximation. We first
introduce a change of variables
ψ(u) ≡
√
1− u2
u
φ(u) , (B1)
which obeys a Scrho¨dinger equation
d2ψ
du2
+
1
u2(1− u2)
(−3 + 4w2u+ 6u2 + u4)ψ = 0 . (B2)
This equation has two singular points at u = 0 and u = 1. Away from the singular points
we obtain the two WKB solutions,
ψ1 ∼ 1√
p(u)
cos(S(u) + φ1) , (B3)
ψ2 ∼ 1√
p(u)
sin(S(u) + φ2) , (B4)
where p(u) and S(u) are the analogs of momentum and action and are given by
p(u) =
w√
u(1− u2) , (B5)
S(u) =
∫ u
0
p(u′) du′ = w tan−1(
√
u) +w tanh−1(
√
u) . (B6)
Following the WKB strategy we will solve the equation exactly near the singular points.
Near u = 0 we expand the potential and obtain the following equation
d2ψ
du2
+
(
− 3
4u2
+
w2
u
)
ψ = 0 . (B7)
The general solution to this equation is
ψ(u) = C1
√
u J2(
√
4w2u) + C2
√
uN2(
√
(4w2u) . (B8)
Using the asymptotic expansions of the Bessel functions we obtain the matching formulas
√
uJ2(2w
√
u) → 1√
π
1√
p(u)
cos
(
S(u)− 5π
4
)
, (B9)
√
uN2(2w
√
u) → 1√
π
1√
p(u)
sin
(
S(u)− 5π
4
)
. (B10)
In obtaining these formulas we have used the expansion of p(u) ≈ w/√u and S(u) ≈ 2w√u
near zero.
Near u = 1 we solve the equation
d2ψ
du2
+
1
4(1− u)2
(
1 +w2
)
ψ = 0 , (B11)
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and obtain
ψ = C1 (1− u) 12−iw2 + C2 (1− u) 12+iw2 . (B12)
The physical solution (transformed according to Eq. (B1)) contains only (1− u) 12−iw2 . Now
it is a simple matter to show that
1√
πp(u)
[
cos
(
S(u)− 5π
4
)
+ i sin
(
S(u)− 5π
4
)]
u→1−→ Const (1− u) 12−iw2 . (B13)
The constant is irrelevant to what follows.
Putting together the connection formulas, Eqs. (B9), (B10) and (B13), we find that
uJ2(2w
√
u) + iuN2(2w
√
u)
u→1−→ Const (1− u)−iw2 . (B14)
Up to a normalization constant this is the physical solution. The normalization is fixed by
the requirement φ(u)|u=0 = 1 and the the series expansions, uN2(2wu) ≈ −1πw + O(u) and
uJ2(2w
√
u) ≈ 1
2
w2u2 +O(u3) . Thus the physical solution in a neighborhood of u = 0 is
φ1(u) = −πw2uN2(2w
√
u) + iπw2uJ2(2w
√
u) . (B15)
Substituting φ1(u) into Eq. (2.19) we obtain the leading behavior
3
ρyxyxττ (ω) =
N2
64π2
ω4 . (B16)
This is the leading behavior at large frequency and agrees with the zero temperature result
[24]. The WKB solution provides an excellent check of the numerical work.
A similar WKB analysis applies to the R-charge correlator; the details are omitted. At
large frequency the spectral density is
ρJJ(ω) =
N2
32π2
ω2 . (B17)
APPENDIX C: HYDRODYNAMIC MODES
In this appendix we the review the hydrodynamic modes to keep the treatment self
contained. Consider a small perturbation from equilibrium. The stress tensor can be written
as the equilibrium stress tensor plus small corrections〈
T 00
〉
= e+ ǫ(x, t) , (C1)〈
T 0i
〉
= 0 + gi(x, t) . (C2)
The velocity is small and is v ≡ g/(e+ p).
The linearized hydrodynamic equations are
∂tǫ+ ∂ig
i = 0 , (C3)
∂tg
j + ∂iτ
ij = 0 , (C4)
3 In Fig. 1 this result is rewritten as piρ(ω)/ω = ηAdS piw
3. with ηAdS = (piN
2T 3)/8.
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where τij is
τ ij = δijp− η(∂ivj + ∂jvi − 2
3
δij∂lv
l)− δijζ∂lvl , (C5)
and we use metric (−,+,+,+) in this section. To solve these equations we first take spatial
Fourier transforms, gk(t) =
∫
d3x e−ik·x g(x, t) . Next we divide the momentum vector into
transverse and longitudinal pieces,
gk = g
T
k + kˆ g
L
k ,
where kˆ · gTk = 0. For gTk(t), the solution of these linearized equations is
gTk(t) = g
T
k(0) e
−
ηk2
e+p
t , (C6)
where gTk(0) is the initial condition. For ǫk(t) and g
L
k(t) the solutions are
ǫk(t) = e
−
1
2
Γsk2t
[
ǫk(0) cos(cskt)− i
(
gLk(0)
cs
+ i
Γsk
2cs
ǫk(0)
)
sin(cskt)
]
, (C7)
gLk(t) = e
−
1
2
Γsk2t
[
gLk(0) cos(cskt)− i
(
csǫk(0)− iΓsk
2cs
gLk(0)
)
sin(cskt)
]
. (C8)
To connect these solutions with correlators we follow the framework of linear response
[11, 18]. The definitions of the correlators used below are given in Section IIA. We slowly
turn on a small velocity field with a perturbing Hamiltonian
H = H0 −
∫
d3x vi(x, t)T 0i(x, t) , (C9)
and switch it off at t = 0. vi(x, t) obeys
vi(x, t) = eǫtθ(−t)vi0(x) . (C10)
From the framework of linear response we have
∂t
〈
gi(k, t)
〉
= −χijgg(k, t)vi0(k) . (C11)
Writing v0(k) = v
T
0 (k) + kˆv
L
0 (k), and substituting the tensor decomposition Eq. (2.3) into
this equation, we obtain
∂t 〈gL(k, t)〉 = −χLgg(k, t) vL0 (k) , (C12)
∂t 〈gT (k, t)〉 = −χTgg(k, t)vT0 (k) . (C13)
The velocity field can be eliminated in favor of the the initial values〈
gi(k, 0)
〉
= χijs,gg(k)v
j
0(k) , (C14)
with the static susceptibility
χijs,gg =
∫
∞
0
dt e−ǫt
∫
d3x e−ik·x
〈[
T 0i(x, t), T 0j(0, 0)
]〉
. (C15)
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As in Eq. (2.3) the static susceptibility is also broken up into longitudinal (χLs,gg) and trans-
verse (χTs,gg) components.
Provided the wavelength of the perturbing velocity field is long, the system is in perfect
equilibrium at time t = 0. The statistical operator describing this system at finite velocity
is
ρ(T,v0) = e
−
(P0−vi0P
i)
T . (C16)
The stress energy tensor T µν = (e+ p) uµuν + p gµν is〈
T 00
〉
= e
〈
T ij
〉
= p δij
〈
T 0i
〉 ≡ gi = (e+ p)vi0 , (C17)
In this long wavelength limit then, the static susceptibility is from Eq. (C14) and Eq. (C17)
χijs,gg =
∂ 〈gi〉
∂
〈
vj0
〉 = (e+ p) δij , (C18)
or χLs,gg = χ
T
s,gg = e + p. It is also clear that the perturbing Hamiltonian does not change
the average energy. This means that ǫ(x, 0) = 0 in Eq. (C1).
From this discussion we first, eliminate v from the equations
∂t 〈gL(k, t)〉 = −χLgg(k, t)
〈gL(k, 0)〉
e + p
, (C19)
∂t 〈gT (k, t)〉 = −χTgg(k, t)
〈gT (k, 0)〉
e+ p
. (C20)
Comparing this result with the solution of the hydrodynamics equations given in Eq. (C6)
and Eq. (C8) (with ǫk(0) = 0), we deduce the retarded correlators
χLgg(k, t) = (e+ p) e
−
1
2
Γsk2t
[
csk sin(cskt) + Γsk
2 cos(cskt)
]
, (C21)
χTgg(k, t) = ηk
2 e−
ηk2
e+p
t . (C22)
To find the retarded correlator in frequency space, we integrate
∫
∞
0
e+iωt and find
χLgg(k, ω) =
iωΓsk
2 − (csk)2
ω2 − (csk)2 + iωΓsk2 , (C23)
χTgg(k, ω) =
ηk2
−iω + ηk2
e+p
. (C24)
The spectral density is defined as the imaginary part of the retarded correlator by π
ρLgg(k, ω)
ω
=
e+ p
π
ω2Γsk
2
(ω2 − c2sk2)2 + (ωΓsk2)2
, (C25)
≃ e+ p
2
[
1
π
Γsk
2/2
(ω − csk)2 + (Γsk2/2)2 +
1
π
Γsk
2/2
(ω + csk)2 + (Γsk2/2)2
]
, (C26)
ρTgg(k, ω)
ω
=
1
π
ηk2
ω2 +
(
ηk2
e+p
)2 . (C27)
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These results are one way to express the Kubo formulas. They can be expressed slightly
differently using current conservation. Indeed taking imaginary parts of Eq. (2.8) and
Eq. (2.9) we can express the Kubo formula in terms of the fluxes
lim
ω→0
lim
k→0
πρxx,xxττ (k, ω)
ω
=
4
3
η + ζ , (C28)
lim
ω→0
lim
k→0
πρyx,yxττ (k, ω)
ω
= η . (C29)
APPENDIX D: THE f SUM RULE IN WEAKLY INTERACTING THEORIES
For a weakly interacting theory the transport time scale τR is much longer than the inverse
temperature. The spectral density will have a sharp peak at small frequencies ω ∼ 1/τR ≪ T
which reflects this separation of time scales. We may derive a sum rule for this peak following
the same steps and caveats as detailed at length in Ref. [18]. Fourier analysis together with
Eq. (2.8) and Eq. (2.9) and yields the relations
2T
∫ Λ
0
dω
ω
ρxx,xxττ (k, ω) ≈
T
k2
∂tχ
L
gg(k, t)
∣∣
t∼1/Λ
, (D1)
2T
∫ Λ
0
dω
ω
ρyx,yxττ (k, ω) ≈
T
k2
∂tχ
T
gg(k, t)
∣∣
t∼1/Λ
. (D2)
Here Λ is a cut-off that is much larger than the inverse transport time scale, but small
compared to the temperature, 1/τR ≪ Λ≪ T . The result of this integral does not depend
Λ to first order in the scale separation.
Since the time derivatives in Eqs. (D1) and (D2) are evaluated at t ∼ 1/Λ which is short
compared to the collision time τR, the free streaming Boltzmann equation should be a good
description of the initial equation of motion. In this effective theory 1/Λ may be taken to
zero.
To evaluate these time time derivatives of the retarded correlators, we consider the same
perturbing Hamiltonian and setup as described in Appendix C – see Eqs. (C9)–(C13). At
time t = 0 the system is in perfect equilibrium with temperature T and velocity v0(x). The
thermal distribution function
f0(x,p) ≡ 1
e(Ep−v
j
0(x)p
j)/T ∓ 1 ≈ fp +
1
T
fp (1± fp)pj vj0(x) , (D3)
with fp = 1/(e
Ep/T ∓ 1) . For short times the collision-less Boltzmann equation applies,[
∂
∂t
+ vip
∂
∂xi
]
f(x,p, t) = 0 . (D4)
Here vp ≡ p/E and must not be confused with the velocity field v0(x) and its Fourier
transform v0(k). The solution to this equation with the specified initial conditions is
f(x,p, t) = f0(x− vpt,p) . (D5)
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Then the fluctuation in the momentum density is
gi(x, t) =
∫
d3p
(2π)3
δf(x,p, t)pi , (D6)
with δf(x,p, t) = f(x,p, t)− fp . Then taking spatial Fourier transforms with k conjugate
to x and substituting the distribution function, Eq. (D5), we have
gi(k, t) =
[
1
T
∫
d3p
(2π)3
e−ik·vptfp(1± fp)pipj
]
vj0(k) . (D7)
For small times, we expand the exponential, and find
gi(k, t) =
[
(e+ p)δij − 1
2
t2 k2 (e+ p)
〈
v2p
5
〉(
δij − k
ikj
k2
)
− 3
2
t2k2 (e+ p)
〈
v2p
5
〉
kikj
k2
]
vj0(k) ,
(D8)
with
(e+ p) =
1
T
∫
d3p
(2π)3
fp(1± fp) p
2
3
, (D9)
and 〈
v2p
5
〉
=
1
T (e+ p)
∫
d3p
(2π)3
fp(1± fp) p
2
3
v2p
5
. (D10)
Thus, from Eqs. (C12), (C13), (D1), (D2), and (D8), we find
2T
∫ Λ
0
dω
ω
ρxx,xxττ (k, ω) ≈ T (e + p)
〈
3
5
v2p
〉
, (D11)
2T
∫ Λ
0
dω
ω
ρyx,yxττ (k, ω) ≈ T (e + p)
〈
v2p
5
〉
. (D12)
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